Abstract. Let En be the ring of the germs of C ∞ -functions at the origin in R n . It is well known that if I is an ideal of En, generated by a finite number of germs of analytic functions, then I is closed. In this paper we consider an ideal of En generated by a finite number of germs in some class of C ∞ -functions that are not analytic in à, but quasianalytic and we shall prove that the result holds in this general situation. We remark that the result is not true for a general ideal of finite type of En.
Asymptotic expansions and Gevrey asymptotics
We denote by C [[z] ] the ring of formal power series with coefficients in C. We say that an analytic function f in a sector S = {z ∈ C; 0 < |z| < r, θ 0 < arg z < θ 1 }, continuous on S admitsf = n∈N a n z n ∈ C[[z]] as asymptotic expansion at 0 if for every subsector S ′ of S there exist C, M > 0 such that for every nonnegative integer n ∈ Nm and every z ∈ S ′ ,
For k > 0, R > 0, η > 0, we define the sector S k R,η = z ∈ C; 0 < |z| < R, and | arg z| < π 2k + η .
Let A k,R,η be the set of all functions f (z) holomorphic in the sector S k R,η continuous on S k R,η and having an asymptotic expansionf (z) and A k the inductive limit of (A k,R,η ) R,η>0 . A function f ∈ A k,R,η is Gevrey of order k if for all subsector S ′ of S k R,η , there exist constants C S ′ > 0, M S ′ > 0 such that ∀n ∈ N:
then we denote by G k,R,η the algebra of those functions, and by G k we denote the inductive limit of (G k,R,η ) R,η>0 . G k is called the ring of k-summable functions in direction R + . We put G = ∪ k> Let h(z) = 
Following [6] , h ∈ G k,r,η and the map h −→ĥ ∈ 
The converse is also true
Proof. Let f ∈ G k such thatf = 0, we have that f ∈ H(S k R,η ), and the angle of S k R,η is strictly greater than π k , so by the result of Gevrey asymptotic functions based on Phragmen-Lindelöf principle we have f = 0.
Gevrey-analytic functions
such that f n S n ρ −n < +∞. We put α = (R, ρ, k, η) and we define
over all representations of f as in Proposition 1.2. For µ > 0 and α = (R, ρ, k, η) as above we define G α y 1 , · · · , y nµ as the ring of series f (z, y)
is a Banach algebra. Then we consider the algebra of Gevreyanalytic functions Gy 1 , · · · , y n as the inductive limit of G α y 1 , · · · , y nµ α,µ and we define the inductive limit topology on Gy 1 , · · · , y n .
Furthermore if we take µ sufficiently small, we have
In the other hand, sincef 0 (0) = 0, we can suppose that
Proof. Putf (0) = a 0 = 0, we define ϕ(ξ) = 1 ξ+a 0 , then we have ϕ ∈ H(D(0, r)), with r < |a 0 |. We put g = f − a 0 ∈ G{y}. We haveĝ(0) = 0. By Proposition 1.5, there exist
2. Algebraic properties of G{y} 2.1. Weierstrass preparation theorem. Let y = (y 1 , · · · , y n ) and f ∈ G{y}. We say that f is regular of order p in y n iff (0, 0, y n ) is regular of order p in y n .
n , by hypothesis we have f m (0) = 0 for m < p and f p (0) = 0. After dividing f by a unit element in G{y}, we can suppose that f p (z, y 1 , · · · , y n−1 ) ≡ 1 and f ∈ G α {y} µ ,
is a constant independent of δ and µ, and
On the other hand, if ϕ ∈ G α {y} µ , we write
Let us consider the linear operator
So that we have
Then the last theorem holds for G R {y 1 , · · · , y n }.
As a consequence of Theorem 2.1, we have Proposition 2.3. G{y} is a noetherian, local and regular ring of dimension n + 1.
We have also
Proposition 2.4. C[[z, y]] is the completion of the ring G{y} for the m-adic topology,
where m = (z, y 1 , · · · , y n ).
Corollary 2.5. G{y} is a normal ring.
Proof. G{y} is a local and regular ring, then is factorial (see [4] ), so that since G{y} is a noetherian and factorial, then is normal. Since G{y} is a noetherian and local ring, we have Proof. Let k ∈ {0, · · · , n} and P be a prime ideal of height k + 1, then we have G{y}/P is a finite over 
in an algebraic closure of [G{y ′ }], since x ∈ B then x is integral over G{y ′ }, and also the symmetric functions a i of σ i (x), therefore a j ∈ G{y ′ } (since a j ∈ [G{y ′ }] and G{y ′ } is normal). We have
Then ∆ = 0 and belongs to G{y ′ }. Let α ∈ B. There are elements (b j ) 0≤j≤s−1 of G{y ′ } such that
If we solve this system for b j , we conclude that ∆b j (0 ≤ j ≤ s − 1) is integral over G{y ′ }, so that ∆b j ∈ G{y ′ } (since ∆b j ∈ [G{y ′ }] and G{y ′ } is normal), therefore we have
Then ∆B and so that B is finite over G{y ′ }, i.e., G{y ′ } is pseudo-geometric.
Corollary 2.10. Let P be a prime ideal of G{y}. If P denote the ideal of C[[z, y]]
generated by P, then P is also prime. Furthermore P and P have the same height.
Proof. Since G{y} is henselian and pseudo-geometric, then G{y} is a Weierstrass ring, so that P is also prime (see [3] ). Furthermore since C[[z, y]] is faithfully flat over G{y}, then P ∩ G{y} = P, so that P and P have the same height.
Artin's approximation theorem.
As the classical case we have Artin's theorem.
Theorem 2.11 (Artin in Gevrey)
.
Proof. The proof is similar to the analytic case (see [2] ).
Fréchet modules on E(Ω).
Let us recall the following result which we will use at follows. 
Proof. The proof is similar to the analytic case (see [5] ).
Let Ω be an open set in R + × R n , if we denote be E the sheaf of real C ∞ -functions on Ω, and by H the sheaf of real analytic functions on Ω. We define the subsheaf G of E by: For (x 0 , y 0 ) such that x 0 > 0, we put G x 0 ,y 0 = H x 0 ,y 0 and G 0,y 0 = G{y − y 0 }.
Using the same notations as Malgrange [2] , we define the sheaf G as follows: For any subset of Ω, with U = [0, ε[×U ′ , where U ′ is an open neighborhood of 0 in R n , we associate
Let (z, y) ∈ Ω, we denote by F z,y the completion of G (z,y) for the Krull topology:
, and we define the sheaf F = (z,y)∈U F z,y . We have a coherence theorem analogous to the Oka's coherence theorem for the analytic case.
Theorem 3.2.
The sheaf G is flat over G, i.e., for any (z, y) ∈ Ω, the module G (z,y) is flat over G (z,y) .
In the Proof we will consider only the point (0, y 0 ), for the other points we have the analytic case.
Let I be the ideal generated in G{y − y 0 } by f 1 , · · · , f k . By using Theorem II. 5.3. in [5] for the formal case and Corollary 2.10, and reducing U if necessary, we have for any (z, y) ∈ U , ht(I (z,y) ) ≥ ht(I (0,y 0 ) ) = k.
Then we have either I (z,y) = G{y −y 0 } or f 1,(0,y 0 ) , · · · , f k,(0,y 0 ) be a system of parameters of G{y − y 0 }. Consequently, in all cases we have that the module R G{y−y 0 } (f (0,y 0 ) ) relations of f (0,y 0 ) in G{y − y 0 } is generated by the obvious relations, then we have that
Hence

T or
G{y−y 0 } 1 
is injective. 
3.3.
Fréchet's modules of finite real dimension. Let m a be the maximal ideal of E a . m a is the ideal of germs of all functions of E a which vanish at a, then m a is generated by Proof. Let F n+1 be the ring of germs at 0 ∈ R n+1 of collections of formal power series at each point near 0. The module M G{y} E n+1 is of finite presentation over E n+1 (since G{y} is noetherian, then M is of finite representation over G{y}). We will prove that the map
is injective. The sequence 0 −→ E n+1 −→ F n+1 −→ F n+1 /E n+1 −→ 0 is exact, then we have an exact sequence:
Since we have T or (M, F n+1 /E n+1 ) = 0. We will prove this result by induction on dim(M ). If dim(M ) = 0, then M G{y} E n+1 is an R-vector space of finite dimension, then M G{y} E n+1 is a Fréchet module (see 3.3). Suppose now that dim(M ) = n − k > 0. Then after using the exactness of sequence of T or we can suppose that M = G{y}/P, where P is a prime ideal of height k + 1. Let ϕ 1 , · · · , ϕ s Gevrey-analytic functions on Ω which generate P over G{y}. Then using Proposition 2 for suitable ϕ i , we suppose that there exists δ ∈ G{y} such that
Hence the germ δ 0 of δ doesn't belong to P. Since δ is not a zero divisor in G{y}/P, then δ is not a zero divisor in F n+1 /P F n+1 ( F n+1 is flat over G{y}, Remark 3.3). In other words, by making Ω smaller, we have ∀(z, y) ∈ V (I), δ z,y = T z,y δ is not a zero divisor in F z,y /T z,y I, where V (I) is the set of zeros of the ideal I. Putting I ′ = I + δ · E(Ω), if Ω is sufficiently small; I ′ is closed (since the height of P + δ · G{y} > k + 1, and we apply the induction hypothesis), hence I is closed (see V. 5.6. [5] ), then the ideal P · E n+1 induced by I at the origin is closed, therefore M G{y} E n+1 = E n+1 /P · E n+1 is a Fréchet module. (t, a) ∈ Ω, the Taylor expansion T (t,a) f of f at (t, a) belongs to the ideal generated in F (t,a) by T (t,a) f 1 , · · · , T (t,a) f q .
